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Theoretical Limits on the Equation-of-State Parameter of Phantom Cosmology
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We investigate the restrictions on the equation-of-state parameter of phantom cosmology, due
to the minimum quantum gravitational requirements. We find that for all the examined wΛ(z)-
parametrizations and for arbitrary phantom potentials and spatial curvature, the phantom equation-
of-state parameter is not restricted at all. This is in radical contrast with the quintessence paradigm,
and makes phantom cosmology more robust and capable of constituting the underlying mechanism
for dark energy.
PACS numbers: 95.36.+x, 98.80.-k, 04.60.Bc
I. INTRODUCTION
Many cosmological observations, such as SNe Ia [1],
WMAP [2], SDSS [3] and X-ray [4], support that the
universe is experiencing an accelerated expansion. These
observations suggest that it is dominated by dark energy
with negative pressure, which provides the dynamical
mechanism for such an accelerating expansion. Although
the nature and origin of dark energy could perhaps un-
derstood by a fundamental underlying theory unknown
up to now, physicists can still propose some paradigms
to describe it. In this direction we can consider theories
of modified gravity [5], or field models of dark energy.
The field models that have been discussed widely in the
literature consider a cosmological constant [6], a canon-
ical scalar field (quintessence) [7], a phantom field, that
is a scalar field with a negative sign of the kinetic term
[8, 9], or the combination of quintessence and phantom
in a unified model named quintom [10]. Finally, many
theoretical studies are devoted to shed light on dark en-
ergy within the quantum gravitational framework, since,
despite the lack of such a theory at present, we can still
make some attempts to probe the nature of dark energy
according to some of its basic principles. An interest-
ing step in this direction is the so-called “holographic
dark energy” proposal [11], which has been constructed
in the light of holographic principle of quantum gravity
[12], and thus it presents some interesting features of an
underlying theory of dark energy.
In the present work we are interested in investigating
the theoretical limits on the equation-of-state parameter
wΛ of the phantom paradigm of dark energy, due to the
basic requirements of quantum gravity. As we know, in
field dark energy models, wΛ evolves according to the
field evolution [8, 9]. Therefore, a basic and necessary
constraint, consistent to our current knowledge of quan-
tum field theory and (quantum) gravity, should be that
the field variation during cosmological evolution should
be less than the Planck mass Mp. Such a constraint
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on field variation results in limits on wΛ. In the case
of quintessence, this investigation has been performed in
[13] where the corresponding limits are presented. In this
letter we study the phantom scenario.
However, two points must be mentioned here. The
first is that a well-established quantum theory of gravity
could possibly induce stronger limits on wΛ. The require-
ment that the field variation must be smaller than Mp is
just the minimum condition, consistent with present the-
oretical knowledge. Secondly, there is a discussion in the
literature whether a construction of quantum field theory
of phantoms is possible, namely whether the null energy
condition is violated [14] leading to causality and sta-
bility problems [15]. However, more recently there have
been serious attempts in overcoming these difficulties and
construct a phantom theory consistent with the basic re-
quirements of quantum field theory [9, 16]. In conclu-
sion, although the discussion on the aforementioned two
points is open, it is still interesting to examine the limits
on wΛ due to the basic requirement of quantum grav-
ity. The plan of the work is as follows: In section II we
formulate the phantom cosmological scenario and we ex-
tract the relation between the field variation |∆σ| and
wΛ(z). In section III we investigate its behavior for var-
ious wΛ(z)-parametrizations and we examine the wΛ(z)
limits implied by the condition |∆σ| < Mp. Finally, in
section IV we summarize our results.
II. QUANTUM GRAVITATIONAL
RESTRICTIONS ON PHANTOM COSMOLOGY
We consider a general Friedmann-Lemaitre-Robertson-
Walker universe with line element
ds2 = −dt2 + a2(t)
(
dr2
1− kr2 + r
2dΩ2
)
(1)
in comoving coordinates (t, r, θ, ϕ). a is the scale factor
and k denotes the spacial curvature, with k = 0, 1,−1
corresponding to a flat, closed or open universe respec-
tively. The action of a universe constituted of a phantom
2field σ is [8]:
S =M2p
∫
d4x
√−g
[
1
2
R+
1
2
gµν∂µσ∂νσ + V (σ) + LM
]
,(2)
where the term LM accounts for the matter content of
the universe. The Friedmann equations and the evolution
equation for the phantom field are [8]:
H2 =
1
3M2p
[ρM + ρσ − ρk] , (3)
(
a¨
a
)
= − 1
3M2p
[
ρM
2
+
3pM
2
+ 2pσ + V (σ)
]
, (4)
σ¨ + 3Hσ˙ − ∂V (σ)
∂σ
= 0, (5)
where H = a˙/a is the Hubble parameter. In these ex-
pressions, pσ and ρσ are respectively the pressure and
density of the phantom field, while pM and ρM are the
corresponding quantities for the matter content of the
universe. Finally, ρk stands for the spatial curvature den-
sity:
ρk = 3M
2
p
k
a2
. (6)
The energy density and pressure of the phantom field,
are given by:
ρσ = −1
2
σ˙2 + V (σ) (7)
pσ = −1
2
σ˙2 − V (σ). (8)
As usual, the dark energy of the universe is attributed to
the scalar field and it reads:
ΩΛ =
ρσ
ρσ + ρM − ρk =
1
3M2pH
2
[
−1
2
σ˙2 + V (σ)
]
. (9)
Thus, the equation of state for the phantom dark energy
is [8]:
wΛ =
pσ
ρσ
=
−σ˙2 − 2V (σ)
−σ˙2 + 2V (σ) . (10)
The equations of motion close by considering the evo-
lution of the matter density:
ρ˙M + 3H(ρM + pM ) = 0. (11)
Finally, we remind that the phantom evolution equation
(5) can be also written in the form of a conservation
equation, namely:
ρ˙σ + 3H(ρσ + pσ) = 0. (12)
Let us now calculate the phantom field variation in
such a general phantom cosmological scenario. By defi-
nition it will be:
|∆σ| =
∫ σ(0)
σ(z)
dσ =
∫ t0
tz
σ˙dt =
∫ z
0
σ˙
dz′
H(1 + z′)
, (13)
where z corresponds to the redshift of the beginning of
the cosmological evolution (chosen at will), tz is the cor-
responding time, and z = 0 and t0 are their present val-
ues. The last equality arises from the fact that Hdt =
− dz1+z , according to the standard definition a = (1+z)−1,
with a0 = 1 the present value.
The time derivative of the phantom field can be easily
calculated as follows. From the equation-of-state param-
eter definition (10) we obtain:
V (σ) =
σ˙
2
(
wΛ − 1
wΛ + 1
)
. (14)
Inserting this relation into (7) we acquire:
σ˙ =
√
−(wΛ + 1)ρσ, (15)
where without loss of generality we have assumed that
∂V (σ)
∂σ
< 0, so that σ˙ > 0. Note that expression (15) is
always real, since in phantom scenario wΛ < −1 at all
times.
Substituting relation (15) into (13) we obtain:
|∆σ| =
∫ z
0
√
−(wΛ + 1)ρσ
( √
3Mp√
ρM + ρσ − ρk
)
dz′
(1 + z′)
=
=
∫ z
0
√
3Mp
√
−[wΛ(z′) + 1]ΩΛ(z′) dz
′
(1 + z′)
, (16)
where we have also used the Friedmann equation (3) and
the definition (9).
In expression (16), wΛ and ΩΛ are considered as func-
tions of z. To obtain ΩΛ(z) we first integrate (12), using
also the wΛ definition:
ρσ(z) = ρσ0 exp
[∫ z
0
3
(
1 + wΛ(z
′)
1 + z′
)
dz′
]
. (17)
In addition, according to (6) we have ρk(z) = ρk0(1+z)
2,
and as usual ρM (z) = ρM0(1 + z)
3. Thus, substituting
these relations for the densities in the ΩΛ definition (9)
we finally acquire:
ΩΛ(z) =
[
ρM (z) + ρσ(z)− ρk(z)
ρσ(z)
]
−1
=
=
(
1 +
»
ΩM0
ΩΛ0
(1 + z)−
Ωk0
ΩΛ0
–
(1 + z)2 e
−
R
z
0 3
»
1+wΛ(z
′)
1+z′
–
dz′
)
−1
,
(18)
where ΩM0, ΩΛ0 and Ωk0 are the present values of the
corresponding density parameters. Therefore, substitut-
ing (18) into (16) we acquire the desired phantom field
variation |∆σ| as a function of wΛ(z).
3As we mentioned in the introduction, the goal of this
work is to investigate the limits on wΛ(z) imposed by
the basic requirements of quantum gravity. In general,
in quantum field theory, in order to calculate the vac-
uum energy density one has to sum the zero-point energy
of all normal modes of all the fields up to a UV cutoff,
which is believed to be the Planck mass Mp. However,
doing so we result with a vacuum energy tremendously
higher than the observed value. In order to solve this fa-
mous (cosmological constant) problem we have to base
upon a quantum theory of gravity. In [17] it is sug-
gested that gravity and the other quantum fields cannot
be treated independently in quantum gravity. For in-
stance, in four-dimensional Minkowski spacetime a new
intrinsic UV cutoff gMp arises for the U(1) gauge theory
coupled to gravity with coupling g, and this conjecture
can be generalized to asymptotically de Sitter spacetimes
[18]. Therefore, if there is a U(1) gauge theory with in-
credibly small coupling g ∼ 10−60 in our universe, it will
result to a very small cosmological constant. A similar
conjecture can be proposed in the case of the λφ4 theory
in Minkowski and asymptotically de Sitter spacetimes
[19], i.e that the field value cannot become larger than
the Planck scale Mp. Finally, in [20] this assumption is
generalized to every scalar field model, in order to avoid
a breakdown of the theory due to the transition to over-
Planckian regimes, and this is also supported by string
theoretical arguments [21]. In conclusion, in this work
we consider that a minimum and obvious requirement,
consistent with the present knowledge of quantum grav-
ity, is that the phantom field variation |∆σ|, throughout
the entire cosmological evolution, must not exceed the
Planck mass Mp, otherwise it would have left observable
imprints. Thus, using (16), the condition |∆σ| < Mp
reads:
|∆σ|
Mp
=
∫ z
0
√
3
√
−[wΛ(z′) + 1]ΩΛ(z′) dz
′
(1 + z′)
< 1,
(19)
with ΩΛ(z) given by (18).
III. THEORETICAL LIMITS ON wΛ(z)
In the previous section we extracted the minimum
quantum gravitational restriction on phantom cosmol-
ogy, namely relation (19). Our strategy is to use various
parametrizations of wΛ(z) (since there is not a single,
fundamental parametric form [22]) in order to extract
the restrictions on their parameters according to (19).
Finally, we will use the standard values ΩΛ0 = 0.73 and
ΩM0 = 0.27. Concerning the curvature density Ωk0, we
will assume it to be zero, as motivated by theoretical
considerations, such as inflation, and observations. We
will discuss the Ωk0 6= 0 scenarios in the end of this
section. Let us now investigate the various wΛ(z) cases
of the literature.
Case I: wΛ(z) = w0 =const
We start our study by the simplest model, that is a
constant wΛ < −1. As an “initial” z for the cosmologi-
cal evolution we will consider the last scattering, that is
z = zrec = 1089, however our quantitative results are
almost independent of z for z > 2. In fig. 1 we de-
pict |∆σ|/Mp according to (19), for wΛ(z) = w0 =const.
Surprisingly enough, we observe that for every value
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FIG. 1: |∆σ|/Mp according to (19), for wΛ(z) = w0 =const
(Case I) and z = zrec = 1089.
of the parameter w0, the ratio |∆σ|/Mp is always less
than one. Thus, the minimum quantum gravitational
restriction does not imply any limit on w0 in phan-
tom cosmology. This is in radical contrast with the
corresponding result for quintessence paradigm, where
for this simple wΛ(z)-parametrization the author finds
w = w0 ≤ −0.738 [13].
Case II. wΛ(z) = w0 + w1z
Let us consider the case where the equation-of-state
parameter is a linear function of the redshift [23]. This
proves to be a good parametrization at low redshift, in
agreement with observations. However, wΛ(z) obviously
diverges at large z, making it unsuitable at high redshift.
As we know, the redshift of the Supernova Legacy Sur-
vey is less than 2 [1], and thus we will use this value
as an “initial” redshift of the phantom cosmological evo-
lution. In fig. 2 we depict |∆σ|/Mp according to (19),
for wΛ(z) = w0 + w1z and z = 2. As we observe,
|∆σ|/Mp is always less than one, independently of the
values of the parameters w0 and w1. This result holds
even if we consider another term in the parametrization,
namely wΛ(z) = w0 + w1z + w2z
2 (following [24]), and
even if we consider another value for the “initial” z (we
mention that our quantitative results are independent
of z for z > 4). Thus, the condition |∆σ| < Mp does
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FIG. 2: (Color Online) |∆σ|/Mp according to (19), for
wΛ(z) = w0 + w1z (Case II) and z = 2.
not imply any limit on the parameters of this wΛ(z)-
parametrization in phantom cosmology.
Again, this is in contrast with the corresponding re-
sult for quintessence paradigm, where it can be shown
that −1 ≤ w0 ≤ −0.204 and −0.417 ≤ w1 ≤ 0.854 [13].
To present this qualitative difference in a more trans-
parent way, we repeat our investigation for this wΛ(z)-
parametrization, but for a canonical φ instead of a phan-
tom field, i.e for the case of quintessence. In this case we
result to a relation similar to (19), but without the mi-
nus sign in the square root. In fig. 3 we depict |∆φ|/Mp
for wΛ(z) = w0 + w1z in the case of quintessence cos-
mology. Clearly, the constraint |∆φ| < Mp leads to the
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FIG. 3: (Color Online) |∆φ|/Mp for wΛ(z) = w0+w1z (Case
II) and z = 2 in the case of quintessence cosmology. The
straight line marks the wΛ(z = 2) = −1 region, thus only the
area on the right of this line is physically meaningful for the
quintessence scenario.
aforementioned limits on w0 and w1.
Case III. wΛ(z) = w0 + w1
z
1+z
This parametrization is suggested in [25]. It over-
comes the divergence problem of case II above and has
been widely used in the literature. In fig. 4 we depict
|∆σ|/Mp according to (19), for wΛ(z) = w0+w1 z1+z and
z = zrec = 1089. Similarly to the previous cases, we
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FIG. 4: (Color Online) |∆σ|/Mp according to (19), for
wΛ(z) = w0 + w1
z
1+z
(Case III) and z = zrec = 1089.
see that |∆σ|/Mp is always less than one, independently
of the values of the parameters w0 and w1. This holds
even if we consider another term in the parametrization,
namely wΛ(z) = w0+w1
z
1+z +w2
(
z
1+z
)2
, following [24].
Finally, these results hold even if we consider another
value for the “initial” z (we mention that in this case
our quantitative results are independent of z for z > 10).
Therefore, the condition |∆σ| < Mp does not imply any
limit on the parameters of this wΛ(z)-parametrization
in phantom cosmology. This is also in contrast with
the corresponding quintessence case, where we obtain
−1 ≤ w0 ≤ −0.434 and −0.564 ≤ w1 ≤ 0.498 [13].
Case IV. wΛ(z) = w0 + w1 ln(1 + z)
This parametrization is suggested in [24]. At low
redshift it is very efficient in describing observations,
but at high redshift it diverges, although more slowly
than case II above. Thus, as an “initial” redshift we will
consider z = 2. In fig. 5 we present |∆σ|/Mp according
to (19), for wΛ(z) = w0 + w1 ln(1 + z). We observe that
|∆σ|/Mp is always less than one, independently of the
values of the parameters w0 and w1. This result holds
even if we consider a third term in the parametrization,
namely wΛ(z) = w0 + w1 ln(1 + z) + w2 [ln(1 + z)]
2
(as
suggested in [24]). Furthermore, these results hold even
if we consider another value for the “initial” z, since
quantitatively our results are independent of z for z > 6.
Thus, the condition |∆σ| < Mp does not imply any
limit on the parameters of this wΛ(z)-parametrization
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FIG. 5: (Color Online) |∆σ|/Mp according to (19), for
wΛ(z) = w0 + w1 ln(1 + z) (Case IV) and z = 2.
in phantom scenario. This is in contrast with the
corresponding quintessence case, which we present
in fig. 6 since this case has not been studied in the
literature. In this scenario we get −1 ≤ w0 ≤ −0.061
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FIG. 6: (Color Online) |∆φ|/Mp for wΛ(z) = w0+w1 ln(1+z)
(Case IV) and z = 2 in the case of quintessence cosmology.
The straight line marks the wΛ(z = 2) = −1 region, thus only
the area on the right of this line is physically meaningful for
the quintessence scenario.
and −1.101 ≤ w1 ≤ 1.159. The qualitative difference
between phantom and quintessence behavior is obvious.
Case V. Phantom Models with Nearly Flat Potentials
In [26] the authors examine phantom models with
nearly flat potentials. Under this assumption they re-
sult in a single expression for wΛ(z), depending only on
the initial field values and their derivatives. In particular,
they obtain the following wΛ(z)-parametrization:
wΛ(z) = −1−
−
λ20
3
"
1p
ΩΛ(z)
−
1
2
„
1
ΩΛ(z)
− 1
«
ln
 
1 +
p
ΩΛ(z)
1−
p
ΩΛ(z)
!#2
,
(20)
with the single parameter λ0 satisfying λ0 ≪ 1. In fig. 7
we present |∆σ|/Mp for this case, and since wΛ(z) does
not diverge for high z we use z = zrec = 1089 (note that
our quantitative results do not depend on z for z > 3).
As we can see |∆σ|/Mp is always less than one, inde-
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FIG. 7: |∆σ|/Mp for phantom models with nearly flat poten-
tials (Case V), with wΛ(z) given by (20) and z = zrec = 1089.
pendently of the value of the parameter λ0. Thus, the
condition |∆σ| < Mp does not imply any limit on the pa-
rameters of this wΛ(z)-parametrization in phantom sce-
nario.
In the investigation of this section, up to now, we have
considered Ωk0 = 0, that is a flat universe. Let us now
examine the Ωk0 6= 0 case. Repeating the same steps
we find that the requirement |∆σ| < Mp is satisfied
without implying any restrictions on wΛ(z), as long as
−1 < Ωk0 < 0.25. Although the value of Ωk0 cannot be
determined exactly by observations, it is highly unlikely
to exceed this range. Thus, our results are valid also in
the non-flat scenarios, providing Ωk0 takes realistic val-
ues.
IV. CONCLUSIONS
In this work we investigate the possible limitations on
the phantom equation-of-state parameter wΛ(z), due to
quantum gravitational effects. Since quantum gravity is
still a matter of research, we have to rely on the basic
and minimum requirement of our current knowledge on
6the field, namely that the field variation during the en-
tire cosmological evolution must not exceed the Planck
scale, otherwise it would have left observable imprints.
Although a well-established quantum theory of gravity
could possibly induce stronger limits on wΛ, it is still
interesting to investigate the aforementioned condition.
Finally, note that a restriction based on the field values
is more general and more fundamental than one based on
the potential (for example |V/V ′| < Mp as considered in
in [27]).
Surprisingly enough, we find that for various wΛ(z)-
parametrizations, the condition |∆σ| < Mp in phantom
cosmology does not imply any limitations on wΛ(z) at
all. This is in radical contrast with the quintessence
case, where even this minimum requirement results in
strong limitations on wΛ(z), even more stringent than
the present experiments [2, 13]. The reason behind this
difference is the sign change in some of the corresponding
expressions of the two cosmological scenarios, as well as
the fact that w(z) < −1 in phantom while w(z) > −1 in
quintessence models. These features lead the phantom
quantities to behave more smoothly, comparing to the
quintessence ones, and thus the simple quantum gravita-
tional condition is not violated.
In our investigation the phantom potential can be
arbitrary, and thus our results are general and hold for
every phantom cosmological scenario. Furthermore, they
are valid in the non-flat universe, too. In conclusion,
we see that the phantom paradigm, and its induced
dark energy equation-of-state parameter, is not at all re-
stricted by the basic quantum gravitational requirement.
This feature makes phantom cosmology more robust
and capable of composing the underlying mechanism for
dark energy.
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